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The angular drift of a laser beam is of particular concern in applications such as seeded free-
electron lasers. A systematical study of the obliquely incident laser and electron beam interaction
in an undulator is presented in this paper. Theoretical analysis and numerical simulations demon-
strate that the interaction would imprint energy and angular modulations on the electron beam
simultaneously. Compared with the normally incident pattern, the obliquely incident laser-electron
interaction leads to reductions in the bunching factors of HGHG and EEHG. In the meanwhile,
proactive applications of this multi-dimensional modulation technique may bring vitality to the
field of laser-electron manipulation.
I. INTRODUCTION
X-ray free-electron lasers (FELs) based on electron lin-
ear accelerators (linacs) hold the promise for opening
up new frontiers of ultra-fast and ultra-small sciences at
the atomic length scale. This has been proved with the
operation of x-ray FEL facilities such as Free-Electron
laser in Hamburg (FLASH) [1], the Linac Coherent Light
Source (LCLS) [2], the Spring-8 Angstrom Compact free-
electron Laser (SACLA) [3], the Pohang Accelerator Lab-
oratory X-ray Free Electron Laser (PAL-XFEL) [4] and
the Trieste FERMI [5]. Most of these operational facil-
ities are based on the self-amplified spontaneous emis-
sion (SASE) mode [6, 7], where the spontaneous radia-
tion amplification process starts from electron beam shot
noise. SASE FEL has the capability of providing ex-
tremely high-intensity, ultra-short light pulses with ex-
cellent spatial coherence but poor temporal coherence
and relatively large shot-to-shot power fluctuations. The
temporal coherence of the x-ray SASE FEL can be appre-
ciably improved by the self-seeding scheme [8–11], which
employs an x-ray monochromator sandwiched by double
undulator configuration. The SASE radiation generated
by the first undulator is purified by the monochromator
and then further exponentially amplified to saturation in
the second undulator.
An alternative way to significantly improve the tempo-
ral coherence and inhibit fluctuations of high-gain FELs
is to use frequency up-conversion schemes, which gener-
ally rely on the techniques of optical-scale precise ma-
nipulation of the electron beam phase space with exter-
nal coherent laser sources. The most famous frequency
up-conversion scheme is the so-called high-gain harmonic
generation (HGHG) [12], which consists of two undula-
tors separated by a dispersive section. A normally inci-
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dent seed laser pulse is used to interact with electrons in
the first undulator (modulator) to generate a sinusoidal
energy modulation of the electron beam at the lasing
wavelength. This energy modulation is then transformed
into an associated spatial density modulation by a disper-
sion element. Coherent radiation at shorter wavelength
is generated after the micro-bunched electron beam tra-
verses the second undulator (radiator), which is tuned
to a high harmonic of the seed frequency. Because the
HGHG output is a direct map of the seed laser’s at-
tributes, this ensures a higher degree of temporal coher-
ence and smaller pulse energy fluctuations with respect
to SASE.
However, significant bunching at higher harmonics
usually requires enhancing energy modulation in HGHG,
which would result in a degradation of the amplifica-
tion in the radiation process. Thus, the excessive de-
pendence on energy modulation prevents it from reach-
ing higher harmonics through a single-stage HGHG. Cas-
caded HGHG [13] is proposed to overcome this problem.
It uses the FEL generated by the previous radiator as
the seed laser for the following HGHG stage with the
help of the ”fresh bunch” technique. This scheme has
been adopted by the FERMI and the Shanghai soft X-ray
Free-Electron Laser facility (SXFEL) [14] as the main op-
eration mode. Later, the echo-enabled harmonic genera-
tion (EEHG) [15, 16] emerges to improve the frequency
multiplication efficiency in a single FEL amplification
stage, which employs two modulators and two dispersive
sections. This more complicated phase space manipula-
tion technique partially shifts the dependence on energy
modulation to the dispersion, thereby enabling high har-
monic jumps with a relatively small laser-induced energy
spread. The lasing of EEHG at EUV and soft x-ray wave-
length regions have been achieved at SXFEL and FERMI
recently [17, 18], paving the way for user experiments in
the near future.
In these frequency up-conversion schemes, it is ex-
pected that the seed lasers should be coaxial superim-
posed (or should propagate coaxially) with the electron
beam in the modulators. However, the laser angular drift
caused by machine vibration or laser pointing instability
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2FIG. 1. Schematic view of the sine-like trajectory of the elec-
trons and of the oblique incidence with a small angle θ of the
electromagnetic plane wave in a planar undulator. The laser
field is polarized in the horizontal plane.
will make the incident electromagnetic (EM) plane wave
has a small angle relative to the propagation direction
of the electron beam. This is very critical for the lasing
of a seeded FEL at very high harmonics of the seed. It
has been experimentally observed at SXFEL that under
certain circumstances, for either HGHG or EEHG, the
intensity of the FEL is very sensitive to the incident an-
gle of the seed laser. Hereby a systematic study on the
laser-electron interaction with a cross angle in the undu-
lator is necessary for seeded FELs.
In this work, we firstly present the theoretical study
and simulations of the obliquely incident laser and elec-
tron beam interaction in the undulator in Sec. II. Results
show that the interaction would imprint not only energy
modulation but also angular modulation on the electron
beam phase space. Then in Sec. III, the dependences of
the seed laser incident angle on the bunching factors of
HGHG and EEHG are investigated, respectively. Finally,
conclusions are given in Sec. IV.
II. THEORETICAL ANALYSIS AND
SIMULATIONS
Figure 1 schematically shows the laser-electron beam
interaction with a cross angle, where one can find the
sine-like trajectory of the electrons and the oblique in-
cidence of a seed laser in a planar undulator. Cartesian
coordinates are given here, where x, y and z represent the
horizontal, vertical and longitudinal coordinates, respec-
tively. The planar undulator has a sinusoidal magnetic
field of period λu and peak amplitude Bu:
By = Bu cos (kuz), (1)
where ku = 2pi/λu. Under the influence of the Lorentz
force generated by the undulator magnetic field, the nor-
malized horizontal and longitudinal velocities of the elec-
tron beam are
βx = −K
γ
sin (kuz), (2a)
βz ≈ 1− 1
2γ2
(1 +
K2
2
) +
K2
4γ2
cos (2kuz), (2b)
where K = eBuλu2pimc = 0.934Bu[Tesla]λu[cm] is the undu-
lator parameter, γ is the relativistic factor, c is the speed
of light, e and m are the electron charge and mass, re-
spectively. Then the undulator-induced motions of the
electrons are deduced:
x =
K
kuγ
cos (kuz), (3a)
z ≈ ct− 1
2γ2
(1 +
K2
2
)ct+
K2
8kuγ2
sin (2kuz), (3b)
where t is the electron traveling time in the undulator.
The positions of the electrons are expressed as x = x0+x,
y = y0, z = z0 + z, where x0 and y0 are repectively the
electron initial horizontal and vertical coordinates at the
entrance of the undulator, z0 is the electron coordinate
within the electron bunch.
The resonant condition occurs when the forward co-
propagation radiation slips a distance λs relative to the
electrons after one undulator period. This principle is
also applied to the cases where the EM wave is obliquely
incident with a small angle:
λu cos θ + λs =
λu
β¯z
, (4)
where β¯z is the average value of βz. With cos θ ≈ 1− θ22
and 1
β¯z
≈ 1 + 12γ2 (1 + K
2
2 ), one finds the resonant ex-
pression for the laser-electron interaction with an oblique
incidence in the undulator:
λs =
λu
2γ2
(1 +
K2
2
+ γ2θ2). (5)
Under this condition, the interaction between the elec-
trons and the EM wave can be sustained, and a net
transfer of energy from the electrons to the EM wave
occurs. The resonance condition also shows that, for ef-
fective laser-beam interaction, the laser incidence angle
should be on the order of 1/γ or smaller.
The seed laser is an EM plane wave polarized in the
horizontal plane. For simplicity, we assume that the
transverse size of the EM wave is much larger than the
electron beam, then one can neglect the transverse de-
pendence of the field in the vicinity of the tightly colli-
mated electron beam. The pulse length of the seed laser
is assumed much longer than the electron bunch length,
so we can neglect the laser power variation within the
bunch. Considering a stationary coordinate system (xl,
yl, zl) where xl and zl respectively represents the polar-
ization and pointing direction of the EM wave, the laser
field can be simply written as
Exl = E0 sin
(
ks(zl − ct)
)
, (6)
3where E0 is the field amplitude, ks = 2pi/λs is the wave
number. Due to the spatially random uncertainty of laser
pointing, the angle drift of an EM wave may occur in
the z − y plane, the z − x plane, or somewhere between
them. For simplicity, two cases are taken into consider-
ation here: the laser incident in the z − y plane and the
laser incident in the z − x plane.
A. Laser incident in the z − y plane
When the laser is incident in the z − y plane with a
small angle relative to the z coordinate, the geometric
transformation from the laser stationary coordinate sys-
tem to the Cartesian coordinate system reads
xl = x, (7a)
yl = y cos θ − z sin θ, (7b)
zl = z cos θ + y sin θ. (7c)
Velocities follow the same transformation principle. Then
the laser field can be written as
Ex = E0 sin
(
ks(z cos θ − ct) + Φ
)
, (8)
where Φ = ks(z0 cos θ+y0 sin θ). When the electron beam
and the EM wave co-propagate through the undulator,
they interact with each other. The instantaneous energy
change of the electron beam is
dγ
dz
=
e
mc2
Exβx. (9)
Integrating over the entire undulator length, the dimen-
sionless energy deviation with respect to the reference
particle is
∆δ =
∆γ
γ
=
eE0
γmc2
∫ Nuλu
0
sin
(
ks(z cos θ − ct) + Φ
) · βxdz
= −eKE0Nuλu
γ2mc2
〈
sin
(
ks(z cos θ − ct) + Φ
)
× sin (kuz)
〉
z
. (10)
Brackets denote the average of the z coordinate over one
undulator period 〈· · · 〉z = 1λu
∫ λu
0
(· · · )dz. The argument
in the first sine function can be expressed as
ks(z cos θ − ct) = ks(cos θ − 1)ct− ks
2γ2
(1 +
K2
2
)ct cos θ +
K2ks
8kuγ2
sin (2kuz) cos θ
≈ −ks θ
2
2
z − ks
2γ2
(1 +
K2
2
)z +
K2ks
8kuγ2
sin (2kuz) = −kuz + K
2/4
1 +K2/2 + γ2θ2
sin (2kuz)
= −kuz + ξ
2
sin (2kuz), (11)
where we let z ≈ ct to obtain the first-order solution and ξ = K2/(2+K2 +2γ2θ2). With the help of Bessel’s integrals
Jα(x) =
1
2pi
∫ 2pi
0
cos (ατ − x sin τ) dτ , we find〈
sin
(
ks(z cos θ − ct) + Φ
) · sin (kuz)〉
z
= −1
2
〈
cos
(ξ
2
sin (2kuz) + Φ
)− cos (− 2kuz + ξ
2
sin (2kuz) + Φ
)〉
z
= −cos Φ
2
〈
cos
(ξ
2
sin (2kuz)
)− cos (− 2kuz + ξ
2
sin (2kuz)
)〉
z
= −cos Φ
2
(J0(
ξ
2
)− J1(ξ
2
)) = −cos Φ
2
J, (12)
where J = J0(ξ/2) − J1(ξ/2), J0 and J1 are the first-
and the second-order Bessel functions of the first kind.
Then the energy modulation due to the laser-electron
interaction can be written as
∆δ =
eKE0NuλuJ
2γ2mc2
cos Φ = Λ cos Φ
= Λ cos (ks(z0 cos θ + y0 sin θ)), (13)
where Λ = eKE0NuλuJ2γ2mc2 . From this formula, one can see
that the electrons may be accelerated or decelerated, de-
pending on the relative phase of electron initial position.
Now we define the instantaneous change of electron
vertical divergence due to the interaction with the laser
electromagnetic field in the undulator:
dy′
dz
=
e
γmc2
Byl sin θvx =
eEx
γmc2
sin θβx, (14)
where y′ = dydz = βy is the normalized vertical velocity.
Following the derivation procedure of the energy modu-
4lation, one obtains the angular modulation expression:
∆y′ = Λ sin θ cos (ks(z0 cos θ + y0 sin θ)). (15)
The energy and angular changes of the electron beam are
in agreement with the Panofsky-Wentzel theorem [19].
Equation (15) can be directly obtained from Eq. (13) by
using the theorem:
∂
∂y0
(∆δ) =
∂∆y′
∂z0
. (16)
Because the incident angle θ is typically small, Eq. (13)
and Eq. (15) can be simplified to
∆δ = Λ cos (ksz0 + ksy0θ), (17a)
∆y′ = Λθ cos (ksz0 + ksy0θ). (17b)
B. Laser incident in the z − x plane
When the laser is incident in the z − x plane with a
small angle relative to the z coordinate, the geometric
transformation from the laser stationary coordinate sys-
tem to the Cartesian coordinate system reads
xl = x cos θ − z sin θ, (18a)
yl = y, (18b)
zl = z cos θ + x sin θ. (18c)
Velocities follow the same transformation principle. Then
the laser field can be written as
Exl = E0 sin
(
ks(z cos θ + x sin θ − ct) + Φ
)
, (19)
where Φ = ks(z0 cos θ + x0 sin θ). Different from Eq. (8),
a term associated with the horizontal motion of the elec-
tron beam in the undulator appears in the expression of
the electric field. When the electron beam and the EM
wave co-propagate through the undulator, the instanta-
neous energy change of the electron beam now reads
dγ
dz
=
e
mc2
Exlβxl =
e
mc2
Exl(βx cos θ − βz sin θ),(20)
where components of the laser electric field in the x and
z directions all contribute to the energy change. This in-
dicates that the laser incident in the z - x plane is much
more complicated than the vertical plane case. Integrat-
ing over the entire undulator length, the dimensionless
energy deviation with respect to the reference particle is
∆δ =
∆γ
γ
=
eE0Nuλu
γmc2
〈
sin
(
ks(z cos θ + x sin θ − ct) + Φ
)
×(βx cos θ − βz sin θ)
〉
z
. (21)
Simplify the item between the brackets with the help of
Eq. (11), we get
〈
sin
(
ks(z cos θ + x sin θ − ct) + Φ
) · (βx cos θ − βz sin θ)〉
z
=
〈
sin
(− ζ + a sin (2ζ) + d cos ζ) · (o+ p sin ζ + q cos (2ζ))〉
ζ
· cos Φ, (22)
where ζ = kuz means the longitudinal phase, a =
ξ
2 , d =
ksK sin θ
kuγ
, o =
(
1
2γ2 (1 +
K2
2 ) − 1
) · sin θ, p = −K cos θγ and
q = −K24γ2 sin θ. Now the brackets denote the average of the ζ coordinate over 2pi: 〈· · · 〉ζ = 12pi
∫ 2pi
0
(· · · )dζ. Then the
energy change is
∆δ =
eE0Nuλu
γmc2
〈
sin
(− ζ + a sin (2ζ) + d cos ζ) · (o+ p sin ζ + q cos (2ζ))〉
ζ
· cos Φ = Γ cos Φ
= Γ cos (ks(z0 cos θ + x0 sin θ)), (23)
where Γ = eE0Nuλuγmc2
〈
sin
(− ζ + a sin (2ζ) + d cos ζ) ·(o+
p sin ζ + q cos (2ζ)
)〉
ζ
.
Now we define the instantaneous change of electron
horizontal divergence due to the interaction with the laser
electromagnetic field in the undulator:
dx′
dz
=
e
γmc2
Exl(cos θ − βz), (24)
where x′ = dxdz . Similar with the previous derivation pro-
cedure of energy modulation, one obtains the angular
modulation expression:
∆x′ = Π cos Φ = Π cos (ks(z0 cos θ + x0 sin θ)), (25)
where Π = eE0Nuλuγmc2
〈
sin
(− ζ + a sin (2ζ) + d cos ζ)·(u+
v cos (2ζ)
)〉
ζ
, u = 12γ2 (1 +
K2
2 − γ2θ2) and v = −K
2
4γ2 .
With respect to the energy modulation Γ and angular
modulation amplitude Π, through tremendous numerical
verifications, we get
Π = Γ · sin θ. (26)
With a small incident angle, Eq. (23) and Eq. (25) can
5TABLE I. The nominal parameters of electron beam, laser
and undulator.
Beam energy 1.5 GeV
Relative energy spread 0.01%
Geometric horizontal or vertical emittance 0.1 nm rad
Laser electric field 5 GV/m
Laser wavelength 265 nm
Undulator period 3 cm
Number of Undulator periods 4
be simplified to
∆δ = Γ cos (ksz0 + ksx0θ), (27a)
∆x′ = Γθ cos (ksz0 + ksx0θ). (27b)
This result is also in agreement with the Panofsky-
Wentzel theorem ∂∂x0 (∆δ) =
∂∆x′
∂z0
.
The above theoretical analyse shows that the obliquely
incident laser and electron beam interaction in the undu-
lator would not only imprint energy modulation but also
angular modulation on the electron beam phase space,
which extends the applications of the laser-electron in-
teraction from two-dimensional to three-dimensional ma-
nipulations.
C. Comparison of modulation amplitudes
In the above discussion, two cases are taken into con-
sideration: the laser incident in the z−y plane and in the
z − x plane. Equation (13) and Eq. (23) show that the
energy modulation amplitudes Λ and Γ have different ex-
pressions. So do the angular modulation amplitudes Λθ
and Γθ. Under resonant condition (see Eq. (5)), changes
in the incident angle of the seed laser will drive changes in
the undulator parameter, which will further change the
laser-induced modulation amplitude. Figure 2 illustrates
the energy and angular modulation amplitudes as func-
tions of the laser incident angle based on the parameters
in Table I.
When the incident angle equals to zero, the laser point-
ing direction coincides with the propagation direction of
the electron beam. This corresponds to the normally
incident pattern with the energy modulation amplitude
of 8.26 × 10−4. Curves of Λ(θ) and Γ(θ) all start with
this point. One can see from Fig. 2(a) that, Λ(θ) de-
creases as the angle increases and the downtrend gets
fast as the angle increases. Γ(θ) firstly drops to zero and
keeps the decreasing tendency and finally increases back
to nearly zero. Equation (5) shows that under the reso-
nant condition, the undulator parameter decreases as the
incident angle increases. When the undulator parameter
is reduced to zero, the energy transfer between laser and
electron beam equals to zero. This explains why these
two functions all eventually approaches zero when the
incident angle becomes large. As for the zero-crossing
behavior of Γ(θ), this is because, for the laser incident in
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FIG. 2. Laser-induced energy (a) and angular (b) modulation
amplitudes as functions of the laser incident angle. Λ(θ) and
Λ(θ) × θ refer to the energy and angular modulation ampli-
tudes of laser incident in the z − y plane, respectively. Γ(θ)
and Γ(θ)× θ refer to the energy and angular modulation am-
plitudes of laser incident in the z − x plane.
the z−x plane case, components of the laser electric field
in the x and z directions induce opposite energy modu-
lations, as shown in Eq. (20). As the angle increases,
the ratio of the energy modulations introduced by these
two components changes, which causes the modulation
amplitude transfer from positive to negative.
The angular modulation amplitudes equal to the en-
ergy modulation amplitudes multiplied by the incident
angle. Compared to the energy modulation, the curves
of the angular modulation amplitude exhibit different
trends, as can be seen from Fig. 3(b). These two curves
all start from zero and end up with zero. For the case
of laser incident in the z - y plane, the angular modula-
tion amplitude firstly rises and then decreases to nearly
zero. It is apparent that there is an optimal value for the
angular modulation amplitude. For the laser incident
in the z - x plane case, the angular modulation ampli-
tude firstly increases, then maintains the downtrend and
passes through zero and finally increases back to zero.
Two peaks of the angular modulation amplitude appear
in this case. These analyses reveal the complexity of laser
6incident in the z - x plane case over the case of laser in-
cident in the z - y plane.
D. Simulations
To demonstrate the previous theoretical results and
show the physical mechanism of the angular modulation,
three-dimensional (3D) simulations are performed in this
section. On the basis of Eqs. (1), (5 - 9), (14) and (18
- 20), two 3D and time-dependant codes are developed
to numerically study the obliquely incident laser-electron
interaction in an undulator. One for the laser incident
in the z − y plane case, the other for the laser incident
in the z − x plane case. In our simulation programs, the
Lorentz force acting on the electrons comes from the laser
electromagnetic field and the undulator magnetic field:
dx′
dz
=
e
γmc2
(
Ex(1− βz cos θ)− vzBy
)
(28)
for the first case, and
dx′
dz
=
e
γmc2
(
Ex(cos θ − βz)− vzBy
)
(29)
for the second case. For each case, βz =
√
1− 1γ2 − β2x is
used to calculate the longitudinal velocity of the electron
beam. These formulas are directly used to simulate the
electron motion in the undulator instead of Eq. (2) and
(3). This method may introduce some nonlinear terms
with reference to the theoretical derivation. However, it
is closer to the real situation. The entire undulator line
is divided into adequate integration steps for an accu-
rate solution. The numerical simulations illustrate the
distributions of the laser-induced vertical divergence and
energy deviation in Fig. 3.
The simulations also use parameters in Table I with
incident angle of θ = 1 mrad. We denote βx and βy as
the beta functions at the entrance of the modulator. For
the first case, the root-mean-square (RMS) beam size σy
would be 1 × 10−4 with βy = 100. For the second case,
βx = 100, then σx is 1 × 10−4. From Eq. (13) and (23)
, one can calculate the energy modulation amplitudes of
8.3× 10−4 for the first case and of 6.5× 10−4 for the sec-
ond case (see Fig. 2). These two theoretically predicted
values are confirmed by our simulations, as can be seen
from Fig. 3(b) and 3(d). Meanwhile, Fig. 3 shows that
the divergence and energy are both periodically modu-
lated and the longitudinal distance between the adjacent
modulation peaks is exactly one wavelength of the seed
laser. The coefficient ratio of the induced angle modu-
lation and the energy modulation equals to the incident
angle θ. These results are consistent with Eq. (17) and
Eq. (27).
Further simulations are performed to demonstrate the
evolution of the energy modulation amplitude with the
laser incident angle for the case of laser incident in the z -
x plane. The simulation results are shown in Fig. 4 with
FIG. 3. Distributions of the induced divergences and energy
deviations after the obliquely incident laser-electron interac-
tion with a 3D simulation program. (a) and (b) refer to the
laser incident in the z − y plane case; (c) and (d) refer to the
laser incident in the z − x plane. For these two cases, the
incident angles of the seed laser are both 1 mrad.
FIG. 4. For the case of laser incident in the z - x plane, distri-
butions of the induced energy deviations after the obliquely
incident laser-electron interaction with a 3D simulation pro-
gram. The incident angles of the seed laser are 2.6 mrad (a)
and 3.8 mrad (b), respectively.
laser incident angle of 2.6 mrad (Fig. 4(a)) and of 3.8
mrad (Fig. 4(b)). From Fig. 2, one can see that 2.6 mrad
and 3.8 mrad are close to the zero-crossing point and the
minimum point, respectively. With the help of Eq. (23),
we get the energy modulation amplitudes at these two
points: −2.5× 10−6 and −3.2× 10−4, respectively. The
negative sign represents the opposite phase of the laser-
induced energy modulation. Our simulations verify these
two values. With the same scaled colorbar, we can di-
rectly see the relatively changes in modulation amplitude
(Fig. 4) in comparison with that of 1 mrad incident-angle
case (Fig. 3(d)). We also observe the phase change in
the simulations. For the electron in a fix position, like
(x, z) = (0,−2λs), the laser-induced energy modulation
amplitudes are negative with incident angle of 1 mrad
(Fig. 3(d)) and positive with incident angle of 3.8 mrad
(Fig. 4(b)), respectively.
Whether for the case of laser incident in the z - y plane
or for the case of laser incident in the z - x plane, our
simulation results are consistent with the theoretical pre-
dictions. And the differences between the two cases are
7revealed.
III. ANGULAR DRIFT EFFECTS
The above study shows that the obliquely incident
laser and electron beam interaction in an undulator
would induce multi-dimensional modulations on the elec-
tron beam phase space, which is quite different from the
normally incident pattern. It means that the angular
drift of the seed laser would have a direct impact on
mechanisms that rely on laser-electron modulation tech-
niques, such as HGHG and EEHG. In this section, we
firstly analyze the influences of the laser incident angle on
the bunching factors of HGHG and EEHG, respectively.
Then we discuss the influences of the laser angular drift
occurring in HGHG or EEHG on the emittance of the
electron beam. For simplicity, we only consider the case
of laser incident in the z − y plane.
A. Bunching factor tuning of HGHG
Bunching factor is a physical quantity to quantify the
density modulation of the electron beam which contains
high harmonic components. In the following, we’ll de-
rive expression of the bunching factor of HGHG under
the condition of obliquely incident laser modulation. To
simplify the derivation, we use the normalized energy de-
viation P = δ/σδ and dimensionless vertical position of
a particle Y = y/σy as main variables, where σδ is the
RMS of the energy deviation δ, σy =
√
εyβy is the in-
trinsic vertical RMS beam size. εy and βy are respec-
tively the beam vertical emittance the beta function at
the entrance of the modulator. Normally, the definition
of bunching factor can be written as:
b =
1
N
∫∫
dY dPf(Y, P )〈e−iaζ〉ζ , (30)
where N is the total number of electrons, a is a number,
f(Y, P ) is the function of beam distribution:
f(Y, P ) =
N
2pi
e−
Y 2
2 e−
P2
2 . (31)
With an incident angle θ, the manipulation expression
of the electron beam in the modulator is different from
the normally incident pattern, and can be written as
P1 = P +A sin(ζ + ksyθ), (32)
where A = Λ/σδ. Chicane converts the energy modula-
tion into density modulation
ζ1 = ζ +BP1, (33)
where B = R56ks
σγ
γ is the dimensionless dispersion
strength of the chicane. R56 is the momentum com-
paction of the chicane. After the electron beam travers-
ing the dispersive section, a strong beam density can be
FIG. 5. In the HGHG mechanism, the bunching factor at
10-th harmonic b10 as a function of the laser incident angle θ
with different beta functions.
obtained. With Eqs. (30 - 33), we get the expression of
bunching factor
bn = e
− (nksθ)
2εyβy
2 · e− (nB)
2
2 · Jn(−nAB), (34)
where n represents the harmonic order. Compared with
normally incident pattern, the oblique incidence of the
seed laser brings two major effects: the change in modu-
lation amplitude and the wavefront tilt of the bunching.
The modulation amplitude change would affect the value
of the Bessel function. The wavefront tilt of the bunching
induces the first exponential term in Eq. (34). The ex-
ponential term is related to the laser incident angle and
beta function (or initial beam size).
Figure 5 illustrates the bunching factor at 10-th har-
monic as a function of the laser incident angle with differ-
ent beta functions in HGHG mechanism. The study uses
the parameters in Table I. The dispersion strength of the
chicane is 60.0 µm and it does not change with incident
angles. Then the bunching factor under normally inci-
dent pattern is 11.0%. One can see from Fig. 5 that the
bunching factor decreases as the incident angle increases
regardless of the beta function. When βy → 0, the verti-
cal beam size is very small, then the bunching tilt effect
could be ignored. The bunching factor would only affect
by the modulation amplitude change due to the angular
drift. As the beta function increases, the vertical beam
size of the electrons becomes larger, and the bunching tilt
effect plays a dominant role in determining the bunching
factor. It causes the downtrend of the bunching factor
gets faster as the beta function increases.
B. Bunching factor tuning of EEHG
EEHG contains two modulator magnets and two chi-
canes. The laser angular drift of the seed laser may occur
in any of these two modulators. For the cases where two
8seed lasers are both normally incident in two modulators,
which refers to the nominal EEHG, the bunching factor
at the a-th harmonic is given by [15]:
ba =
∑
n,m
e−
C2
2 · Jn(−CA1) · Jm(−aA2B2), (35)
where a = n + mK, C = nB1 + aB2. n and m are in-
tegers of either sign. K = ks2/ks1 is the ratio of wave
number of the second seed laser to the first. A1 and A2
are the energy-modulation amplitudes of the first and
second modulator, respectively. B1 and B2 are the di-
mensionless dispersion strengths of the first and second
chicane, respectively.
When the laser angular drift only occurs in the first
modulator, the bunching factor at the a-th harmonic is
derived as:
ba =
∑
n,m
e−
(nks1
θ)2εyβy
2 · e−C
2
2 · Jn(−CA1) · Jm(−aA2B2),
(36)
where an exponential term is added in the expression
pertaining to Eq. (35). This term contains integer n,
wave number of the first seed laser ks1, incident angle θ,
vertical beam emittance εy and beta function βy.
When the laser angular drift only occurs in the sec-
ond modulator, the bunching factor at the a-th harmonic
reads:
ba =
∑
n,m
e−
(mks2
θ)2εyβy
2 · e−C
2
2 ·Jn(−CA1) ·Jm(−aA2B2).
(37)
An exponential term also occurs in the expression per-
taining to Eq. (35). This term contains integer m, wave
number of the second seed laser ks2, incident angle θ, ver-
tical beam emittance εy and beta function βy. Previous
study shows that n and m should be of opposing signs to
ensure the dispersion B1 and B2 have the same sign and
n = ±1 to have the maximum harmonic bunching [16].
Hence one can see from Eq. (36) and (37) that when the
two seed lasers possess the same wavelength, the laser
angular drift in the second modulator has a much enor-
mous impact on the high harmonic bunching than that
in the first modulator.
Figure 6 displays the bunching factor at 10-th har-
monic as a function of the laser incident angle with dif-
ferent beta functions in EEHG mechanism. The study
uses the parameters in Table I except for the laser elec-
tric field. The electric fields of both seed lasers are 2.5
GV/m. The dispersion strengths of the first and second
chicane are respectively 1.50 mm and 0.13 mm and they
do not change with incident angle. The bunching fac-
tor under normally incident pattern is 15.5%. Figure 6
tells that regardless of the beta functions and of which
modulator existing laser angular drift, the bunching fac-
tor decreases as the incident angle increases. When we
ignore the bunching tilt effect (βy → 0), the bunching
factor is only affected by the modulation amplitude vari-
ation. For either modulator with laser angular drift, the
FIG. 6. In the EEHG mechanism, the bunching factor at 10-
th harmonic b10 as a function of the laser incident angle θ
with different beta functions. ”1st mod” refers to the laser
angular drift occurring only in the first modulator. So does
”2nd mod”.
curve of the bunching factor is nearly overlapping. And
for either modulator with laser angular drift, the bunch-
ing factor with large beta function (beam size) is more
sensitive to the laser incident angle with reference to that
with small one. Moreover, for the electron beam with a
certain beam size, the bunching degradation caused by
the laser angular drift in the second modulator is much
more serious than that caused by the first one.
C. Emittance growth
In the mechanism of HGHG or EEHG, the obliquely in-
cident laser would introduce not only energy modulation
but also angular modulation. It is apparent that angular
modulation would cause an increase in the emittance of
the electron beam. In this section, we analyze the effect
of laser angular drift on the electron beam emittance.
It is assumed that the Twiss parameter α at the en-
trance of the undulator equals to zeros, then the vertical
RMS divergence of the electron beam is σy′ =
√
εy/βy.
With the help of Eq. (17b), we get the expression of the
normalized emittance growth
∆εy
εy
∝ ∆y
′
σy′
≈ Λθ
√
βy
εy
, (38)
where we ignore the cosine term to predict the maximum
change of emittance. Figure 7 illustrates the normalized
emittance growth as a function of the laser incident angle
with different beta functions. We also use the parameters
in Table I. With βy → 0, the beam vertical divergence
is extremely large, then the induced angular modulation
would not have any impact on the beam emittance. For
the other cases, the tendencies of the curves all firstly
9FIG. 7. Normalized emittance growth as a function of the
laser incident angle θ with different beta functions.
rise and then decrease to nearly zero, which are consis-
tent with the tendency of the angle modulation curve in
Fig. 2(b). For the case with a large βy, the initial electron
divergence is small. Even with the same laser-induced an-
gular modulation as in other cases, the modulation has
a relatively large contribution to the beam emittance.
In HGHG or EEHG, the bunching factor is very sensi-
tive to the laser incident angle. The laser incident angle
should be very small to maintain a relatively large bunch-
ing factor. Hereby one can see from Fig. 7, the induced
emittance growth would be very small when the incident
angle is close to zero.
IV. SUMMARY AND DISCUSSIONS
Frequency up-conversion schemes have the ability to
significantly improve the temporal coherence and inhibit
the fluctuations of high-gain FELs. External seed lasers
are typically used to manipulate the electron beam phase
space in these schemes. Therefore, the performances of
these schemes are largely affected by the property of the
external seed lasers, such as angular drift.
Laser oblique incidence is the obvious manifestations of
the angular drift. In this work, we systematically study
the obliquely incident laser-electron interaction in the un-
dulator. Theoretical analysis and numerical simulations
demonstrate that the interaction would imprint not only
energy modulation but also angular modulation on the
electron beam phase space. Further studies show that
laser angular drift results in reductions in the energy
modulation amplitude and bunching factors of HGHG
and EEHG. It is also found that in HGHG and EEHG,
the bunching factors are more sensitive to laser incident
angles for the electrons with a relatively large beam size
(beta functions). And the angular drift which occurs
in the second modulator of EEHG has a greater impact
on the bunching factor than that in the first modulator.
Moreover, the laser-induced angular modulation would
slightly increase the emittance of the electron beam.
Generally, angular drift occurs in HGHG or EEHG
mechanism passively and inevitably. Despite the fact
that angular drift interferes with the performance of
HGHG and EEHG, it still can be seen as a multi-
dimensional modulation technique. Generating multi-
dimensional modulation with one component is of great
application prospect in the field of laser-electron manipu-
lation, therefore the discussed technique may bring fresh
air to this area. Several mechanisms [20–22] have been
proposed based on this technique. It should be empha-
sized that the laser-induced angular modulation would
increase the divergence then further spoil the emittance
of the electron beam, which should be carefully consid-
ered in every specific scheme. Another key drawback of
this technique is that the laser requires a large transverse
size, which corresponds to a strong laser power, to fully
cover the electron beam. This is detrimental to mecha-
nisms that require high laser power.
Further investigations on these topics are still ongoing.
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